ABSTRACT. This is a survey paper for the recent results on and beyond propagation of singularities of viscosity solutions. We also collect some open problems in this topic.
INTRODUCTION
It is commonly accepted that, Hamilton-Jacobi equations in the form plays an important role in many fields such as PDEs, calculus of variation and optimal control, Hamiltonian dynamical systems and Riemannian geometry. Here M is a smooth manifold without boundary and c ∈ R is the so called Mañé critical value. The notion of viscosity solutions of HamiltonJacobi equations, introduced in the seminal papers [22] and [21] , provides the right class of generalized solutions to study existence, uniqueness, and stability issues under wide classes of boundary-initial conditions. The study of the propagation of singularities of viscosity solutions is a kind of finer analysis of the associated problem of calculus of variations and optimal controls. We suppose that H in (1.1) is a Tonelli-like Hamiltonian. Since any viscosity solution u of (1.1) is locally semiconcave (with linear modulus), we denote by D + u(x) the superdifferential of u at x. We say x ∈ M a singular point of u if D + u(x) is not a singleton. The set of all singular points of u is denoted by Sing (u).
A specific approach to the problem on the propagation of singularities was developed in [2] by solving the generalized characteristic inclusion (1.3)ẋ(s) ∈ co H p x(s), D + u(x(s)) , a.e. s ∈ [0, τ ] .
PRELIMINARIES
In this section, we want to give a brief review of the Tonelli theory in calculus of variations, weak KAM theory, and basic facts from non-smooth analysis we need.
Semiconcave functions.
Let Ω ⊂ R n be a convex set. We recall that a function u : Ω → R is said to be semiconcave (with linear modulus) if there exists a constant C > 0 such that (2.1) λu(x) + (1 − λ)u(y) − u(λx + (1 − λ)y) C 2 λ(1 − λ)|x − y| 2 for any x, y ∈ Ω and λ ∈ [0, 1]. Any constant C that satisfies the above inequality is called a semiconcavity constant for u in Ω. A function u : Ω → R is said to be semiconvex if −u is semiconcave.
We recall that a function u : Ω → R is said to be locally semiconcave (resp. locally semiconvex) if for each x ∈ Ω there exists an open ball B(x, r) ⊂ Ω such that u is a semiconcave (resp. semiconvex) function on B(x, r).
Let u : Ω ⊂ R n → R be a continuous function. We recall that, for any x ∈ Ω, the closed convex sets D − u(x) = p ∈ R n : lim inf y→x u(y) − u(x) − p, y − x |y − x| 0 ,
are called the (Dini) subdifferential and superdifferential of u at x, respectively. Let now u : Ω → R be locally Lipschitz. We recall that a vector p ∈ R n is said to be a reachable (or limiting) gradient of u at x if there exists a sequence {x n } ⊂ Ω \ {x}, converging to x, such that u is differentiable at
The set of all reachable gradients of u at x is denoted by D * u(x). For the facts on the superdifferential of a semiconcave function on Ω ⊂ R n , the readers can refer to [15] .
A point x ∈ Ω is called a singular point
is not a singleton. The set of all singular points of u, also called the singular set of u, is denoted by Sing (u).
For a systematic treatment of semiconcavity and its applications to HamiltonJacobi equations, calculus of variations and optimal controls, the readers can refer to the monograph [15] (see, also, [34] ).
2.2.
Tonelli Theory and regularity properties of the fundamental solutions. For the reason that our main purpose is to adapt a finer analysis of Tonelli theory, we will neglect various relevant problem under rather general conditions (see, for instance, [20] ). We begin with a classical setting of autonomous Lagrangians. 
(L2) Growth condition: There exist two superlinear function θ 1 , θ 2 : [0, +∞) → [0, +∞) and a constant c 0 > 0 such that
(L3) Uniform regularity: There exists a nondecreasing function
If L is a Tonelli Lagrangian, the associated Hamiltonian H, which is called a Tonelli Hamiltonian, is the Fenchel-Legendre dual of L defined by
For any t > 0, given x, y ∈ R n , we set
The existence of the minimum above is a well-known result in Tonelli's theory (see, for instance, [24, 5] ). Any ξ ∈ Γ t x,y at which the minimum in (2.3) is achieved is called a minimizer for A t (x, y). Such a minimizer ξ is of class C 2 by classical results. In the PDE literature, A t (x, y) is also called the fundamental solution of the associated Hamilton-Jacobi equations in the form (1.2) (see, for instance, [31] ). Now, we collect some basic regularity results on the fundamental solution A t (x, y). The readers can refer to [8] for detailed proofs. 1 The collection of conditions (L1) -(L3) is exactly the classical Tonelli conditions when M is a compact manifold. Proposition 2.1 (Semiconcavity of the fundamental solution). Suppose L is a Tonelli Lagrangian. Then for any λ > 0 there exists a constant C λ > 0 such that for any x ∈ R n , t ∈ (0, 2/3), y ∈ B(x, λt), and (h, z) ∈ R × R n satisfying |h| < t/2 and |z| < λt we have
Consequently, (t, y) → A t (x, y) is locally semiconcave in (0, 1) × R n , uniformly with respect to x.
In the general case t > 0, a local semiconcavity result holds true for A t (x, y) in the same form as (2.4) with C λ depending on t. n the function (t, y) → A t (x, y) is semiconvex on the cone
, and all z ∈ B(0, λt) we have that
Moreover, there exist t
is uniformly convex on B(x, λt) and for all y ∈ B(x, λt) and z ∈ B(0, λt) we have that
The combination of the two propositions above leads to a C 1,1 result which is essentially connected to the Lasry-Lions type regularization ( [30, 4] 
where ξ ∈ Γ t x,y is the unique minimizer for A t (x, y).
2.3.
Lax-Oleinik semigroup and weak KAM solution. We will concentrate the case when
where A t is the fundamental solution defined in (2.3). The Lax-Oleinik operators T − t and T + t are defined as follows T
The functions φ We define the Mañé's critical value as We say a function u :
It is well known that u ≺ L+c H [0] if and only if u is a viscosity subsolution of (2.
We also define the Aubry set with respect to a weak KAM solution u of (2.13) as
If M is a compact manifold, in view of classical weak KAM theory, the projected Aubry set A = u I(u) is nonempty and compact, where the intersection is taken over all the weak KAM solutions u's of (2.13). |y t,x − x| λ 0 t (resp. |z t,x − x| λ 0 t).
In addtion, there exists a one-to-one correspondence between p ∈ D * u(x) and the global minimizers z t,x of ψ x t for all t > 0. We also introduce the set Cut (u) of cut points of u, as the set of points x ∈ R n where no backward u-calibrating curve ending at x can be extended to a u-calibrating curve beyond x. Equivalently, if γ :
At the end of this section, we introduce the concept of generalized characteristic first introduced in [2] . A Lipschitz arc
, is said to be a generalized characteristic of the Hamilton-Jacobi equation (2.13) if x satisfies the differential inclusion
We say that x ∈ R n is a critical point with respect to a viscosity solution u of (2.13) if
INTRINSIC APPROACH OF GLOBAL PROPAGATION OF SINGULARITIES
Unlike an energy-estimates method used in the global propagation of singularities of the viscosity solutions developed in [3, 1, 13] for eikonal equations and mechanical systems, an intrinsic approach first appears in [8] which is only based on the associated characteristic systems and can be applied to rather general problems.
3.1. Global propagation of singularities. We begin with the setting from [8] . The following proposition is a crucial step for the theory. Now, we give a proof which is different from the original one in [8] . 
t admits a unique maximum point y t,x and the curve
Proof. For any t > 0 and y t,x ∈ arg max φ x t (which is nonempty by Proposition 2.4), suppose y t,x is a differentiable point of u. Thus
since A t (x, ·) is locally semiconcave. Therefore, there exists two C 2 extremals (with respect to the associated Euler-Lagrange equation
. Since ξ t,x and γ x has the same endpoint condition at t, then they coincide on [0, t]. This leads to a contradiction since x = γ x (0) and γ x (0) ∈ Cut (u).
Now we turn to the proof of the last part of the proposition. Let C 1 > 0 be a semiconcavity constant for u on R n and let λ 0 be the positive constant in Proposition 2.4. By Proposition 2.2 with λ = 1 + λ 0 , we deduce that there exists t 0 ∈ (0, 1] and a constant C 2 > 0 such that for every (t, x) ∈ (0, t 0 ] × R n , every y ∈ B(x, λt), and every z ∈ B(0, λt) we have that
Thus, φ x t (y) = u(y) − A t (x, y) is strictly concave on B(x, λt) for all t ∈ (0, t 0 ] provided that we further restrict t 0 in order to have
Then, for all such numbers t, there exists a unique maximum point y t,x of φ x t in B(x, λt). In fact, y t,x is an interior point of B(x, λt) since, by Proposition 2.4, we have that |y t − x| λ 0 t.
We can see that the curve y defined on [0, t 0 ] as in (3.1) is indeed a generalized characteristic which can be extend to +∞ since t 0 is independent of the initial point x. 
Moreover,ẏ
where p 0 is the unique element of minimal energy:
Remark 3.3. It is worth pointing out that the idea and the technique used here for the global propagation results are still valid for manifold case because of the local nature. So, by using local chart, one can adapt to any compact manifold M definitely. For a rigorous treatment of semiconcavity on manifold using local charts, the readers can refer to [25] .
3.2. Topology of Cut (u) and Sing (u). In this section, we suppose that M is a C 2 closed manifold and L is a Tonelli Lagrangian. Notice the fact that Sing (u) ⊂ Cut (u) ⊂ M \ I(u), and Sing (u) ⊂ Cut (u) ⊂ Sing (u).
Lemma 3.4 ([9]). There exists some t > 0, and a (continuous) homotopy F : M × [0, t] → M, with the following properties:
(a) for all x ∈ M, we have F (x, 0) = x; (b) if F (x, s) ∈ Sing (u), for some s > 0, and x ∈ M, then the curve
Lemma 3.4 claims that y x (t) defined in (3.1) establishs a continuous homotopy on M, which leads to the following topological properties of Cut (u) and Sing (u) in the homotopy sense.
Proposition 3.5 ([9]). The inclusion
The result above can be regarded as an extension of the main result in [3] to the context of weak KAM theory.
Proposition 3.6 ([9]
). The spaces Sing (u), and Cut (u) are locally contractible, i.e. for every x ∈ Sing (u) (resp. x ∈ Cut (u)) and every neighborhood V of x in Sing (u) (resp. Cut (u)), we can find a neighborhood W of x in Sing (u) (resp. Cut (u)), such that W ⊂ V , and W in null-homotopic in V .
Therefore Sing (u), and Cut (u) are locally path connected.
3.3.
Dynamics of generalized characteristic semi-flow. In this section, we have decided to concentrate on the important example of mechanical systems on the torus T n . The main reason is that the uniqueness of the solution to (2.15) is not guaranteed for general Hamiltonians. So, the associated semiflow may fail to be well defined. But, such a semiflow is well defined for mechanical systems. We say a Hamiltonian H has the uniqueness property if there exists a unique generalized characteristic staring from any given initial point.
Let us consider the mechanical Hamiltonian in the following form:
where x → A(x) is a T n -periodic C 2 -smooth map taking values in the real space of n × n positive definite symmetric matrices, and V is a T nperiodic function on R n , at least of class C 2 , satisfying max x∈R n V (x) = 0.
A typical Hamiltonian H having the uniqueness property is a mechanical Hamiltonian as in (3.3).
For any c ∈ R n , let
where α H (·) is Mather's α-function. Let u c be a T n -periodic weak KAM solution of the Hamilton-Jacobi equation
Here we also looks u c as a real-valued function on T n . We also define
The following proposition, based on the results in [12, 8, 16, 2] , is a collection of properties of the generalized characteristics associated with the pair {H, v c } with H as in (3.3). (a) There is a unique Lipschitz arc x : [0, +∞) → R n such that
and x(0) = x. Moreover, denoting by y the solution of (3.6) starting from any other point y ∈ R n , we have that
A(x(s))p, p .
Moreover,ẋ + (s) is right-continuous. (d)
The right derivative of v c (x(·)) has the following representation: For any x ∈ R n , we denote by x(·, 0, x) the unique generalized characteristic starting from x. By Proposition 3.7 (a) and (g), it is clear that (3.10)
defines a semiflow on R n . It is not difficult to see, one can also introduce the semiflow on T n in view of Proposition 3.1 and Remark 3.3. We will abuse the notation Φ t (x) for both the semiflow on R n and T n .
Proposition 3.8 ([6]
). Let Φ t (x) be the semiflow on R n defined by the generalized characteristic determined by v c and let the following regularity condition be satisfied:
where Ω(Φ t ) (resp. ω(Φ t , x)) is the ω-limit set of the semiflow Φ t (resp. the semi-orbit Φ t (x)), and R(Φ t ) is the chain-recurrent set of Φ t .
For the definition of various kinds of invariant set of the semiflow Φ t (x), the readers can refer to [32, 28, 27] .
In fact, there is another associated semiflow on T n defined by
where π : R n → T n is the canonical projection and Φ t is defined in (3.10).
In view of Proposition 3.1 and Remark 3.3, the unique global generalized characteristics x = x(t, 0, x) : [0, +∞) → T n defined in Proposition 3.7 can be determined inductively as
Owing to the uniqueness of generalized characteristics when H has the form (3.3), for any 0 < τ t 0 we also have
For any τ ∈ (0, t 0 ], let z 
, then there exists a global generalized characteristic y : 
ON AND BEYOND PROPAGATION OF SINGULARITIES
The study of propagation of singularities of certain viscosity solutions is closed connected to many topics such as PDE, calculus of variation and optimal controls, Hamiltonian dynamical systems, geometry and so on. Based on the aforementioned results, We will raise some open problems involving propagation of singularities. The list will be much longer than the one in [18] . 4.1. Analytic aspects. From the proof of Proposition 3.1, we can summarize the basic idea to prove the global propagation of singularities of viscosity solutions governed by generalized characteristics of certain HamiltonJacobi equations as follows:
(i) First, we need a representation formulae for the viscosity solutions of certain problems in the form of inf-convolution like what in (2.12).
That is, such a solution can be regarded as the value functions of an associated problem of calculus of variations and optimal controls. (ii) Second, we need the regularity properties of the associated fundamental solutions such as Proposition 2.3. (iii) Third, an argument like the proof of Proposition 3.1 using sup-convolution can be applied to get the result of propagation of singularities. (iv) Finally, we need show that the arc obtained is a generalized characteristic on a time interval [0, t 0 ] which can be extended to +∞ if we can have some uniform property of t 0 .
Of course, one should improve certain technique points above to deal with different kinds of problems.
A1. Can technique points (i)-(iv) be applied to various type of problems?
For example, in the preprint [10] , this method is successfully applied to the Dirichlet problem. Another example is the problem with respect to the Hamilton-Jacobi equations in the form
It is very hopeful to solve the global propagation result for the viscosity solution u of (4.1) using the program above and recent works on certain contact type Hamilton-Jacobi equations ( [35, 38, 11, 36, 37] ).
The only knowledge for us on a Hamiltonian having uniqueness property is a mechanical one. Undoubtedly, this property is not well understood until now. Let H be a mechanical Hamiltonian as in (3.3) , and define In our construction of the global generalized characteristics, the singular arc y x (t) on [0, t 0 ] is obtained by Proposition 3.1 and t 0 is independent of the initial point x.
A3. Can we drop the uniformness requirement of such t 0 to obtain a global result?
The uniformness of such t 0 holds because of our uniform conditions (L1)-(L3). At least, we hope to only use so called Fathi-Maderna conditions in [26] .
Recalling the alternative approach using Lasry-Lions regularization for the study of the global propagation results in [9] , and the results [18, 19] on the relation between the Lasry-Lions regularization and propagation of singularities, the readers can find that the C 1,1 regularity result in Proposition 2.3 is a key technique point in the theory. But, when working on a manifold with (smooth) boundary, one may meet the difficulty to deal with the regularity property of the boundary as well as the boundary function ( [10] ).
A4. Can one improve the program (i)-(iv) using a C 1,α (α ∈ (0, 1)) argument for certain problems involving state constraint?
A5. How about the Lasry-Lions regularization for state constraint type problems?
In [16] , local results of propagation of singularities involving any semiconcave function u and any Tonelli Hamiltonian H were obtained. In the same paper, the authors also proved the local propagation of singularities governed by a partial differential inclusion of generalized characteristics.
A6. How about the intrinsic nature on the problem of global propagation of singularities on a pair (u, H), especially at a critical point?
A7. How about the intrinsic nature on the partial differential inclusions of generalized characteristics? 4.2. Dynamic, topological and geomertic aspects. The main problem in the dynamic aspects of the theory is to exploit the relations between the singular dynamics of generalized characteristics and the regular Hamiltonian dynamics, especially the applications to the Hamiltonian dynamical systems.
As pointed out in Section 3.3, an interesting result is the relations between the ω-limit set of the relevant semiflow on T n , say φ t , and the Aubry set. It is possible that the singularities of a weak KAM solution evolute along the generalized characteristics approaching the Aubry set.
B1.
What is the dynamical nature of the invariant measures produced by the semiflow φ t ?
B2. How about the dynamic and topological structure of the supports of such invariant measures produced by the semiflow φ t ?
B3. Are there some finer properties on T 2 ?
In the study of dynamics of the semiflow φ t for mechanical systems, there is an obstacle for the semiflow, i.e., the sets of critical points defined in (2.16) (see Proposition 3.9). If we concentrate on the mechanical systems, this problem is closed related to the problem of Novikov's critical point theory of closed 1-forms ( [23] ). A much more general situation is that the Hamiltonian has the form H W introduced in (4.2) when W is not determined by a closed 1-form.
As shown in [12] , the local propagation of singularities along a Lipschitz curve was studied for viscosity solutions and Mather's barrier functions. In [7] , the relations between the critical points of the barrier functions and the homoclinic orbits with respect to Aubry sets was studied. The main methods used in [7] is the combination of Lasry-Lions regularization with standard kernel |x − y| 2 /2t and the critical point theory of mountain pass type. B6. Let u be a weak KAM solution with respect to a Tonelli Hamiltonian H. Invoking problem A6, at a critical point with respect to u, how should we change H to understand the further propagation of singularities of u? Is this a way to solve problem A7?
B7. Can we get more information, by using the intrinsic kernel in the process of Lasry-Lions regularization for the Mather's barrier function, to obtain the dynamical results from the critical points of the barrier functions?
Recalling the results in [14] , for the distance function d F with respect to a closed subset F ⊂ R n , some amazing results on the asymptotic properties of the unbounded component of Sing (d F ) were obtained. We finish the list with the following problem:
B8. What is the analogy of these results and how about the extensions for weak KAM solutions?
